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MEASURE OF SUBMANIFOLDS IN THE ENGEL GROUP 

ENRICO LE DONNE AND VALENTINO MAGNANI 

Abstract. We find all intrinsic measures of C^'^ smooth submanifolds in the Engel 
group, showing that they are equivalent to the corresponding d-dimensional spherical 
Hausdorff measure restricted to the submanifold. The integer d is the degree of the 
submanifold. These results follow from a different approach to negligibility, based on a 
blow-up technique. 



o 

Q ; 1. Introduction 

^ • Computing the Hausdorff measure of submanifolds in stratified groups with respect to 

ci . the Carnot-Caratheodory distance is a rather natural question. This may be considered 

as a first step to study several problems of Geometric Measure Theory in stratified groups. 
Nevertheless, this question has not yet an answer. In 0.6 B of [3], Gromov has given 
a general formula for the Hausdorff dimension of smooth submanifolds in equiregular 
Carnot-Caratheodory spaces and in [7] it is shown that this formula coincides with the 
ff^ ! degree of the submanifold, recently introduced in [5]. In the latter work, the authors 

^ I find an integral formula for the spherical Hausdorff measure of submanifolds in stratified 

groups under a suitable "negligibility condition" . If d is the degree of a submanifold, and 
Q . 5"' is the spherical Hausdorff measure constructed with the Carnot-Caratheodory distance, 

OO ! this condition requires that all points of the submanifold having pointwise degree less than 

^ [ d must be iS'^-negligible. This negligibility condition has been recently obtained in all two 

step groups, [7], but it is still open in higher step groups. We address the reader to [5], 
^ . [6] and [7j for more information on this problem and its connections with the present 

H ! literature. 

In this work, we prove the negligibility condition in the Engel group, adopting a different 
approach with respect to the standard covering arguments. Broadly speaking, we simply 
"blow-up" the points of the submanifold adopting the intrinsic dilations of the group and 
then apply a simple fact of Geometric Measure Theory, see Lemma HI Essentially, we 
prove that the assumptions of this lemma hold in all the single cases that can occur. In 
fact, joining all propositions of Section H] and [5l we have our main result. 

Theorem 1. Let T, be a p-dimensional C^'^ submanifold of degree d in the Engel group, 
where p = 1,2. Then for every x G S with d-^i^x) < d, there holds 

(1) lim —^ -j ■ — = -l-oo. 
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We have denoted by /ip the p-diinensional Riemannian surface measure induced on S by 
a fixed left invariant Riemannian metric on the group. The main feature of the previous 
theorem is that ([I]) not only depends on the degree at x, but also on the "behaviour" of 
E around x, that is expressed by the degree of S. It is rather interesting to observe how 
the limit ([1]) in some cases requires the use of this "global" information. This is the case 
of Proposition [TOl where the fact that S has degree three implies a differential constraint, 
given by the system of PDEs (TT6|) . that play a crucial role in the proof of ([1]). 

Theorem [1] joined with Lemma H] yields Theorems [6] and [TTl that correspond to the 
negligibility condition stated in (1.5) of [5]. This condition gives (1.4) of [5], namely, we 
have the following 

Corollary 2. Let T, be a p-dimensional C^'^ submanifold of degree d in the Engel group. 
Then the following formula holds 



(2) / e{Ti{x)) dS\x) = / |r^(x)|rf/2,(x). 

The ]>tangent vector t^{x) is the component of degree d of the p-tangent vector ty^{x) 
associated to the tangent space T^S. Its norm is computed with respect to the auxiliary 
Riemannian metric fixed on the group. This metric also yields the surface measure fip 
induced on S, see [5] for more details. In the case p = 3, the previous integral formula fol- 
lows from Theorem 2.20 of [1]. In fact, Frobenius Theorem implies that C^'^ hypersurfaces 
in any stratified group must possess non-horizontal points, hence they have degree equal 
to Q— 1, where Q is the Hausdorff dimension of the group. Recall that non-horizontal 
points have been introduced in in [S] and studied in [B]. According to Proposition 3.2 of 
[7|, the length of the horizontal normal |n//(x) | in Theorem 2.20 of [1] is equal to the length 
|r|(a;)|. Of course, 4-dimensional submanifolds of the Engel group are just open subsets, 
for which it is trivial to observe that their degree is exactly 7 and their 7-dimensional 
Hausdorff measure is clearly positive and finite on the intersection with bounded sets. 
The metric factor ^(t|(x)) is uniformly bounded from above and from below, then iS'^LS 
is equivalent to the intrinsic measure |T|(a;)| /ipLE, introduced in [5]. In case it is possible 
to find a distance that yields a constant metric factor, then up to a geometric constant, 
we obtain 



(3) 5^(S)= / \4{x)\dU^). 



As an immediate consequence, the degree of a C^'^ submanifold in the Engel group equals 
its Hausdorff dimension, since points of maximum degree form an open subset of the 
submanifold. In Remark [S] we point out how our results are also related to the Gromov's 
dimension comparison problem recently raised in [1]. 
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2. Basic definitions and standard results 

The Engel group E is a connected, simply connected stratified group, whose Lie algebra 
satisfies the direct decomposition 

S = Vi®V2®V:i 

and there exists a basis {Xi, X2, X3, X4) of S, such that the only nontrivial brackets are 

[X,,X2]=Xs and [X,,Xs]=X^, 

where Vi = spaii{Xi,X2}, V2 = spanjXs} and V3 = span{X4}. We represent the Engel 
group E by M^ equipped with the vector fields 

(4) X,=di, X2 = d2 + x,ds + ^d^, X^ = ds + xid^, Xi = d,, 

where the associated exponential mapping builds the group operation in M^ that makes it 
isomorphic to the abstract Engel group. The intrinsic dilations 5r '■ M^ — ^ M^ are given 
by 6r{x) = {rxi,rx2,r^X3,r^X4), with r > 0. This is a one parameter family of group 
automorphisms, since 

{Sr).{Xi) = rXi, {6r).{X2) = rX2, (<5.)*(X3) = r^Xs, {5r)4X^) = r^X^, 

as one can check from direct computation. We fix a left invariant Riemannian met- 
ric in M^ that makes Xj^s orthonormal. The Carnot-Caratheodory distance associated 
to span{Xi,X2} along with the fixed left invaraint metric on M^ yields a homogeneous 
distance. More generally, we will consider an arbitrary homogeneous distance p on M^, 
namely, a continuous, left invariant distance that satisfies 

p{6rX, drV) = r p(x, y) for every x,y E W^, r > 0. 

In the sequel, the abstract Engel group E will be identified with M^, equipped with left 
invariant vector fields (jlj), distance p and dilations 6r- The explicit formula for the group 
operation in M^ will be not needed. 

Our arguments are based on the following elementary fact of Geometric Measure The- 
ory, see for instance 2.10.19 of [2j. 

Lemma 3. Let X be a metric space, let fi be a Borel measure on X and let {VijjeN &e 
an open covering of X such that piyi) < 00. Let Z C X be a Borel set and suppose that 

lim sup r^"/i(D2;,r) > k > 

r-»0+ 

whenever x E Z , where a > 0. Then p,{Z) > k S'^{Z). 

We have denoted by S"" the a-dimensional spherical Hausdorff measure constructed 
with the size function Ca(-Dx,r) = f"" and D^.t is the closed ball of center x and radius r. 
From the previous lemma, we get the straightforward 

Lemma 4. Let S be k-dimensional C^'^ submanifold of E and let p.^ be the left in- 
variant Riemannian measure of K restricted to T,. If Z is a Borel set of S such that 
limsupr^o+ ^ "/Jfc(^z,r) = +C)0, whenever z E Z , then S"'{Z) = 0. 
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3. Degree of submanifolds in the Engel group 
The degree of a 2-vector r = Xli<i<7<4 '^^i -^^ ^ ^i ^ ^2(^) is given by 

deg(r) = max{di + dj \ t^ ^ 0} 

where di is the degree of Xj, hence d\ = d^ = \^ dj, = 2 and ^4 = 3. Analogously, the 
degree of a vector r = ^j^j^ Ti Xi ^ E is given by deg(r) = max{(ij | Tj 7^ 0}. Then we 
define the pointwise degree at x of a p-dimensional submanifold S in E as 

dY.[x) = deg(rs(x)), 

where te(x) is the p-tangent vector of S at a: G S, p = 1, 2. If S is a submanifold of E we 
define its degree (i(S) as the integer niax^.gs dT,{x), see [5] for more details in the general 
case of stratified groups. Let U be an open subset of M^ and let (j) : U — > W^ be a C^ 
immersion. According to computations in Section 4 of [5], we have 

(5) <Pu, A 0,, = cPl'Xi AX2+ {(Plj' - cPifJ) Xi A X3 + 0^3x2 A X3 



^14_^^^13 + M^12W .V , ^.24 



,34 I I'A'l) J 23 i i24 



X1AX4+ (0^4-0, 023^)^^/^^^ 



(6) d^{<P{u)) 



where we have defined 

0= (01,02,03,04) and 0jf=det(^,"^ ^f 

It is also understood that Xi/\Xj in the previous formula are evaluated at the point 0(m). 
Thus, if locally parametrizes a submanifold S, according to the notion of pointwise 
degree, we have that 

if C34(^^) ^ 

if |ci4(w)| + |c24(tt)| > and c^iiu) = 

if |ci3('u)| + |c23('u)| > and 034(1*) = cu{u) = C2i{u) = ' 

if C34(w) = Cu{u) = C24{u) = Cisiu) = C23{u) = 

where we have set 

(7) (pui A 0„2 = ^ Cij{u) Xi A Xj . 

l<i<j<4 

Remark 5. By definition of degree, in the Engel group one easily notices that all possible 
degrees of C^'^ surfaces can only be 3,4 or 5. Degree two is not possible due to the 
Frobenius Theorem. Of course, curves can only have degrees 1,2 or 3 and again Frobenius 
Theorem implies that hypersurfaces can only have degree 6. Thus, these are all possible 
Hausdorff dimensions of C^'^ smooth submanifolds in the Engel group and formula ([2]) 
holds for them. This answers Problem 1.1 of [1] in the case where the ambient space is 
the Engel group, see also Section 8.1 of the same paper. 
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4. Surfaces in the Engel group 
In this section we wish to show the following 

Theorem 6. Let T, be a 2- dimensional C^'^ smooth suhmanifold ofK. Let d be the degree 
ofT, and let T.^ be the open subset of points of degree d. Then we have 

(8) 5'^(S\S,)=0. 

In the sequel, we will use the fact that the degree of a point in a submanifold is invariant 
under left translations. 

Lemma 7. Let T, be a 2-dimensional C^ smooth submanifold ofK and let x & T,. Then 
there there exist local coordinates u in a neighbourhood U ofO in M.^ such that x~^E around 
zero is given by the local parametrization cj) : U — > x~^T, with (j){0) = and we have 

{{(l)i{u),(l)2{u),U3,U4) if(is(x) = 5 

(ui, (j)2{u),(p3{u), U4) or (0i(m), ii2, (p3{u), U4) if d^{x) = 4 

{Ui,(l)2{u),U3,(p4{u))oi {(t)i{u),U2,U3,(p4{u)) H dj:{x) = 3 ' 

{ui,U2,(p3{u),(l)4{u)) iidj:{x) = 2 

where the functions <pj 's satisfy 

( VMO) = {0,duMO)) iidj:{x)=4 

(10) < V04(O) = (O,O) iidj:{x)=3 . 
[ V04(O) = (0, 0) and V03(O) = (0, 0) if d^{x) = 2 

Furthermore, for small r > 0, we have 

(11) f-i2iD,,r n S) = r"'^^^) f J<p{5ru) du , 

where J(j){x) = ^/det ((t)„.0, t^u^.^)) . ._ is the Riemannian Jacobian of cj) with respect 

to the fixed left invariant Riemannian metric on E. The induced dilations on coordinates 
u are defined as 6r{u) = {r'^'Ui,r'^^Uj), where di = d2 = 1, d3 = 2 and d^ = 3. 

Proof. The proof of (Q simply follows from the implicit function theorem and ([5]). 
For example, let us consider the case dj]{x) = 5 and let ip any local parametrization of 
x~^S around the origin. Then applying ([5]) to -0 at the origin, we must have '^^^(0) 7^ 0, 
since "0(0) = 0. Then the mapping 

is invertible around the origin and one can take the new coordinates 

The remainig cases proceed in similar way. Now, if we apply ([5]) to the parametrization 
at the origin, having one of the forms given by ([9]), then a simple computation leads us 
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to (fTOl) . As an example, let us consider the case dY,{x) = 4 and assume for instance that 
(p{u) = (ui, (p2{u), <j)3{u), U4), according to the second formula of ([9]). Then we have 

deg(a„,0Aa„,0(o)) 

= deg ((Xi + a„, 02(0)^2 + d^Mo)X3) A {d^j2{o)X2 + a,,03(o)X3 + x^)) 

= deg {Xi A X4 + a„,02(O)X2 A X4 + a„,03(O)X3 A X4) . 

Since deg(X3 A X4) = 5, then (9mi03(O) = and the first formula of fITOl) follows. The 
other cases are achieved in the same way. The left invariance of the Riemannian surface 
measure gives 

/i2(S n D;j.r) = /i2(a;~"^S fl Dj.) = / J(j){u) du. 

The change of variable u = 6r{u) = {r'^^Ui,r'^^Uj) and the fact that dY,{x) = di + dj lead 
us to formula flTTl) . D 

In the sequel, the following box 

BoXr = [-r,r]'^ x [-r'^,r'^] x [~r^,r^] 

will be useful. In fact, by homogeneity there exists A > such that 

(12) BoxAr C Dr C Box^/A for every r > 0. 

Proposition 8. Let T, be a 2- dimensional C^'^ smooth submanifold ofE and assume that 
(i(S) > 4 and dj:{x) = 2. Then we have 

^2(S n D^^r) 
hm -T7^ = +CX). 

Proof. We use the coordinates given by Lemma [7| and apply formulae iQ and flTOj) . 
Then we have a constant c > such that |03(tt)| < c|np and |04(ti)| < c|np for u small. 
We have 

Si{(/)-\Boxxr)) = Si/r{{u,,U2): \u^\ < Xv, \u2\<Xr, |03HI<(Ar)2, \Mu)\ < {Xrf} , 

that can be written as follows 

? / ,_i/T3 XX // X \^i\ ^ . 1^2! , ^ |03(™i,rx2)| \Mrxi,rx2)\ 
5i(0 (Box,,)) = |(xi,X2): — <1,— <1, ^^ <1, ^^ <1 

f. X , , X , , X , , A , , A3/2 ^ 

D < (xi, X2) : |a:i| < A, \x2\ < A, |2:| < —=, \x\ < -^\/r 

Taking into account ( fTTl) and ( fT2l) . it follows that 

^2(SnD,,,) ttA^ J0(O) i„,(s)+,^(.) _ vrA^ ^0(0) 3_d(E) 



'^(^) - c 2 c 2 



D 
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Proposition 9. Let T, be a 2-dimensional C^'^ smooth suhmanifold o/E and assume that 
rf(S) > 4 and dj]{x) = 3. Then we have 

hm -77^. = +00. 

Proof. From Lemma [71 applying (I9l) and (TTOj) . we get 0(m) that parametrizes a 
neiglibourliood of in x~^E, it lias the two possible forms 

(13) 0(w) = (mi,02(w),M3,04(m)) or (t){u) = {4)i{u),U2,u^.,(t>i{u)) 

and there exists a constant c > such that either |^2(w)| < c|m| or |0i(w)| < c\u\ and 
also |04(w)| < c|tip for -u small. Assume for instance that (j){u) = {ui,(j)2{u),U3,(f)4{u)). 
Of course, the proof is the same in the case (p assumes the other form in (IT3l) . The set 
5i(0~^(BoxAr)) coincides with 

r 

{ ^ IM ^ 1 IM ^ 1 \(t>2irxi,r'^X3)\ |(/)4(rxi,r^X3)| 

1^1' ^3j. ^ Si, ^, Si, ^^ Si, ^^^^3 Si 

that contains the subset 



Sr='{ (2:1, xs): |xi| < A, Ixsl < A^ |(xi,ra;3)| < -, |(a;i,rx3)| < W — 
By the change of variable Xg = rx^ we get 



C'^iSr) = - C"^ {< {xi^x'^): \xi\ S A, \x'^\ S rAM(2;i,X3)| < -^(xi,^)! < J — 
For r > small, it follows that 



(14) C^iSr) > - /:M < (xi,X3): IX3I < rA^max{|xl|,|x3|} < W — 



- £ I <^ (xi, X3) : |X3| < rA , |xi| < y — — 

23/2 ;^7/2 



Finally, taking into account (IT^ . (ITTl) and (IT2l) . it follows that 

//2(snD,,,) ^ £2(5,) J0(o) 

— ^d(E^ — ^;:d(EP¥^ ^+°« as r^o. 



D 



Proposition 10. Let T, be a 2-dimensional C^'^ smooth submanifold of E and assume 
that d{T,) = 3 and ds{x) = 2. Then we have 

,. ^2(S n D,,,) 

hm ■ — = +CXD. 

r— >o r 
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Proof. From Lemma [TJ applying ([9]) and flTOj) . we get 

(15) (j){u) = (ui,U2,(j)3iu),Mu)) 

that parametrizes a neighbourhood of in x~^S and there exists a constant c > such 
that 103(^)1 < c|mP and |(?i4(M)| < c|tip for u small. Notice that these estimates do not 
suffice to obtain our claim. We have to exploit the assumption that S has degree three. 
In fact, from (^ it follows that 




(16) 

Thus, these equations hold for ( TT5l) and in particular the first two ones yield 

du^cpi - ui du^cps + ^ = 



We have proved that 






V04 = uiduih^uidu^h 



hence the C^'^ regularity of Lp yieds a constant Ci > such that |04(u)| < Ci|n|'^ for u 
small. Now, we argue as in Proposition [8|, taking into account this better estimate on the 
order of vanishing of 04. In this case, we have 

(5i(0 (BoxA.)) = |(xi,X2): — <1,— <1, ^^ <1, ^^ <1 

D < (xi,X2) : \xi\ < A, \x2\ < A, \x\ < —=, \x\ < —-= (■ = S, 

\/c vyc7 



Then taking into account ( TTTl) and ( IT2l) . it follows that 

//2(s n D,^r) ^ c\s) J0(o) 

5 > >• +00 as r — > 0. 

r'^ r 2 



D 



Proof of Theorem El Notice that 2-dimensional C^'^ submanifolds of degree 2 would 
be tangent everywhere to the horizontal subbundle, hence they cannot exist. Thus, the 
possible degrees of S are 5,4 and 3. If d^E) = 5, then Theorem 2.16 of [4] applies, since 
the Hausdorff dimension Q of E is 7, the codimension of E is 2 and the set C(E) in [1] 
coincides with S \ S5. Then we have iS^(S \ S5) = 0. If c?(E) = 4, then Propositions [8] 
and M imply that 



(17) lirn ■ — = +00, 



^2(S n D, 
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whenever x G {2: G S | dY,{z) < 4} = S \ S4. Applying Lemma HI we get S^(T, \ S4) = 0. 
If d{T,) = 3, then Propositions [TO] imphes that 

r— >0 r*^ 

whenever x G {z G S | d^{z) < 3} = S \ S3. Then Lemma H] yields iS^(S \ S3) = 0. This 
ends the proof. D 



(18) lina — = +00, 



5. Curves in the Engel group 

In this section we wish to show the following 

Theorem 11. Let T, be a 1-dimensional C^'^ smooth submanifold ofK. Let d be the degree 
ofH and let S^ be the open subset of points of degree d. Then we have 

(19) 5"(S\S,)=0. 

Let I be an open set of M and let : / — > W^ be a C^ immersion. From computations 
in Section 4 of [5], we have 

(20) = 01X1 + 02^2 + (03 - 0102)^3 + (^4 - 0103 + ^^2^ X, . 

Lemma 12. Let H be a 1-dimensional C^ smooth submanifold ofE and let x & H. Then 
there exists a neighbourhood lofOinM. such that x~^S around zero is given by the local 
parametrization : / — > a;~"^S with 0(0) = and we have 

{ (01 (^4), 02(^4), 03(^4), ^4) iidY:{x) = 3 

(0l(t3), 02(^3), t3,04(t3)) iidj,{x)=2 , 

{tl, Mil), Mtl),Mtl)) or (0l(t2), ^2, 03(t2), 04(t2)) if dj,{x) = 1 

where the functions 0j 's satisfy 

f04(O) = O iid^{x) = 2 

^ ^ I 04(0) = 03(0) = ifds(x) = l ■ 

Furthermore, for small r > 0, we have 

(23) fii{D^,r n S) = r'^^(^) f J0(5,t) dt , 



where J(j){t) = A/(0(t), 0(t)) and (,) denotes the fixed left invariant Riemannian metric. 
The induced dilation is 6r{tj) = r'^Hj, where di = d2 = 1, d^ = 2 and d^ = 3. 

Proof. Taking into account the notion of pointwise degree, the proof of ( 12T1) simply 
follows from the implicit function theorem and formula fl20|) . As in the proof of Lemma [TJ 
we consider just one case as an example. The other ones, can be simply obtained repeating 
this argument. For instance, if dY.{x) = 3, then 04(0) 7^ 0, where ^ is a parametrization 
of x~^S around the origin. Setting ^4 = -0(5), we have proved (12T!) in the case ds{x) = 3. 
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Now, if we apply fl20l) to the parametrization (j), at the origin, then a simple computation 
gives fl22]) . In fact, one has applied (1201) to all forms of (j) listed in fl2ip . The left invariance 
of the Riemannian surface measure gives 

fii (S n D^^r) = /Ui (x"^S n Dr) = / J0(t) dt. 

The change of variable tj = r'^Hj and the fact that ^^(a:) = dj lead us to formula (1251) . D 

Proposition 13. Let H he a 1-dimensional C^'^ smooth suhmanifold of E and assume 
that d{T?) > 2 and dj:{x) = 1. Then we have 

hm -^^7 = +CX3. 

Proof. By Lemma [121 ^-pplyiiig formulae (12T|) and (1221) . we get a constant c > 
such that max{ 1 03 (t) 1 , 1 04 (t) I } < c|tp and 02(^) ^ c|t| for t small. Moreover, x~^T, 
can be locally parametrized either by (ti, 02 (^i), 03 (^i), </'4(^i)) oi' 4>i{h),'t2, 'Psih), 'Piih))- 
Clearly, both cases have the same proof, hence assume for instance that 

0(tl) = (ti,02(ti),03(ti),04(tl)) 

locally parametrizes x~^T,. Taking into account (fT2|) . we consider 

<5,(0 (Box..)) = Sy,. [h. — < 1, ^-- < 1, -j^ < 1, -j^ < 1 

This set can be written as 

\Ji<^ ['^^(rr)! |03(rr)| |04(rr)| 

^ ■ A - ' Ar - ' (Ar)2 " '' (Ar)3 " 
For r > small, the previous set contains 

Sr = <T ■.\t\< --^Vr 

Taking into account ( l23l) and ( TT2l) . it follows that 






D 



Proposition 14. Let S 6e a 1-dimensional C^'^ smooth suhmanifold of E anc? assume 
that rf(S) = 3 anc? (is(a;) = 2. T/ien we /lawe 

//i(SnL'^,.) 

hm ■ — = +00. 

r— >o r^ 

Proof. By Lemma [T2l applying formulae (12T1) and (l22ll . we get a constant c > such 
that |04(t)| < c|tp and max{|0i(t)|, |02(t)|} < c\t\ for t small. Moreover, x~^T, can be 
locally parametrized by 

(0l(t3),02(t3),t3,04(t3)). 



D 
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Taking into account the previous estimates on (j)j, for r > small we have 

^.(0 (Box..)) = ^yr[h:^—<l,^—<l,^^^<l,^^<l 

= {t : \t\ < A} = S*. 
Thus, from (I23D and ([12]), it follows that 

5 — > > +00 as r — * 0. 

J.6 r 2 

Proof of Theorem [TTl If (i(S) = 3, then Propositions [13] and [10] imply that 

(24) lim — = +00, 

whenever a; G {2 G S | dj]{z) < 4} = S \ S4. Thus, Lemma [1] yields S^(T, \ S3) = 0. If 
d(T,) = 2, then Proposition [T5] implies that 

(25) lim '— = +00, 

whenever x G {2; G S | (is(-2) < 2} = S \ S2 and this gives 5^ (S \ S2) =0. D 
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